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ABSTRACT. The general relativistic dynamics of a wide class of self-interacting, self-gravitating homoge- 
neous scalar fields models is analyzed. The class is characterized by certain general conditions on the scalar 
field potential, which include both asymptotically polynomial and exponential behaviors. Within this class, 
we show that the generic evolution is always divergent in a finite time, and then make use of this result to 
construct cosmological models as well as radiating collapsing star models of the Vaidya type. It turns out 
that blackholes are generically formed in such models. 



1. Introduction 

Scalar fields as sources of self-gravitating models have attracted a great deal of attention in cosmology 
and in relativistic astrophysics. It is, indeed, worth mentioning the fundamental role that they play as 
models of the early universe and, on the other hand, the relevance of self-gravitating scalar field as test 
models for gravitational collapse (see e.g. [|^] and references therein). There is, however, a crucial 
difference in the way scalar fields have been treated in these two scenarios. 

First, consider the cosmological models. Here, the scalar field is always assumed as self-interacting; 
in other words, the cosmological expansion is "driven" by a non-vanishing scalar field potential, and 
the "free" case (i.e. the case of the quadratic field lagrangian) corresponds, as is well known, just to 
the case of a dynamical cosmological constant. Thus, in cosmology, the presence of a non vanishing 
field potential is a key point, and indeed many efforts have been made to study the possible dynamical 
behaviors of the models in dependence of the choice of the potential, and even to try to put in evidence 
possible large-scale observable effects (see e.g.[|l6[ §~f\ and references therein). The situation is even 
more intriguing when issues from string theories come into play; indeed, here one is lead to test simple 
models which are asymptotically anti-De Sitter, and the potential for the scalar field might have, as a 
consequence, "non-standard" behaviors (we shall come back on this interesting issue later on). All in 
all, self-interacting fields with a non trivial potential are a key ingredient in cosmological models and 
therefore, of course, in the nature of the cosmological singularities. 

Consider, now, the "astrophysical counterpart" of the cosmological solutions, that is, gravitational 
collapse. Here, as is well known, there still exist, unsolved, the issue of the cosmic censorship, that 
is whether the singularities which form at the end state of the collapse are always covered by an event 
horizon, or not [Q, ^|. The scalar field model of course proposes itself a good test-bed also in this 
different scenario. However, in this context the scalar fields sources have usually been considered as free, 
i.e. minimally coupled to gravity via equivalence principle only. For this very special case the existence 
of naked singularities has been shown, but it has been also shown that such singularities are in a sense 
non generic with respect to the choice of the initial data [|[ §]■ Only in recent years, a few results have 
been added to this scenario with the study of gravitational collapse of homogeneous self-interacting scalar 
fields. In these papers formation of naked singularities has been found [Q, ffa, but with the choice of very 
special potentials. 

All in all, in both applications (cosmology, and gravitational collapse) it would be especially welcome 
a treatment of self-interacting scalar field dynamics able to treat the models in a unified manner, and to 
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predict the qualitative behavior in dependence of the choice of the potential, viewed as an element of 
a space of admissible "equations of state" for the matter source. It is the aim of the present paper to 
provide this unified framework, at least in the special case of homogeneous scalar fields. Indeed, we 
study here the dynamical behavior of such fields for a very general class of potentials, which satisfies 
simple physical requirements - the potentials are bounded from below and the weak energy condition is 
satisfied - as well as a few more technical assumptions to be discussed below. 



2. Expanding and collapsing models 
We consider homogeneous, spatially flat spacetimes 

(2.1) g = -dt <E)dt + a 2 (t) [dx 1 ® dx 1 + dx 2 ® dx 2 + dx 3 ® dx 3 ] 

where gravity is coupled to a scalar field <j>, self-interacting with a scalar potential V ((/)). Assigning this 
function is equivalent to assign the physical properties of the matter source, and thus the choice of the 
potential can be seen as a sort of choice of the equation of state for the matter model. Therefore, as 
occurs in models with "ordinary" matter (e.g., perfect fluids), the choice of the "equation of state" must 
be restricted by physical considerations on stability, positivity of energy, and so on. We introduce the 
following conditions: 

(1) V(4>) is a C 2 function bounded from below; 

(2) The critical points of V are isolated. They are either minimum points or nondegenerate maxi- 
mum points. 

In the present paper we are going to assume that V belongs to the set 

(2.2) 23 = {V : R^ R : ([]) and <§) hold} . 
The Einstein field equations are given by the following 

(2.3a) (Gg = 8^T °) : = -(0 2 + 2V{4>)), 

(2.3b) (G\=8nT?): -* + *™ = - 2 V(</>)), 

a 

and have as a consequence the Bianchi identity 

(2.4) T^ = -2<^ + F'(<£)+3~ 

Denoting the energy density of the scalar field by 

(2.5) e - 2 + 2V(<f>), 
We will actually consider the following system: 



2 

a \ e 



(2.6a) 

(2.6b) <j> + V'{4>)=-Z 



3 

a 
a 



Of course, it is mandatory to extract the square root in the first equation. To do this, we introduce the 
sign function 

X(t) := sgn(d(i)). 
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Physically, this function obviously specifies if the solution describes an expanding (respectively, collaps- 
ing or re-collapsing) model at time t. Thus our final system is composed by 



(2.7a) 
(2.7b) 



a / e 



Let us observe that, using (2.5) and ( 2.7b ), the following relation can be seen to hold: 
(2.8) e = -2 X V3V^ 2 , 

that is e(t) is monotone in each interval in which o is. 



In what follows, we are going to focus on solutions of the equations ( 2.6a )-( 2.6b ) - or, better, ( 2.7a )- 
( 2.7b| ). Actu ally, it can be proved [^] that, if a ^ for all t > an d (a, <j> ) are C 2 functions that solve 
(2.3a)-(2.3b) (with a non-constant <f>(t)) then they are solutions of (2.6a)-(2.6b) as well. To prove the 
converse, it suffices to derive (2.6a) w.r.t. time and use (2.6b) to deduce that if (in some interval [a, &]), a 



is not identically zero - that is, e ^ - then solutions of ( 2.6a )-( 2.6b) are also solutions of (2.3c)-(2.3b). 
Finally, the unique case in which e(t) — 0, Vt > and the Einstein Field Equations are satisfied is given 
by the trivial solution a(t) = ao, <fr(i) = <fio, with V(4>q) = 0. 

We shall divide our discussion of the properties of the solutions into the two following sections, 
the first dealing with the expanding case and the other with the collapsing case. Of course, the two 
cases are not disconnected, because in the expanding case, where e(t) is decreasing, there might be the 
possibility of reaching a vanishing e in a finite time to. If this happens, the model will be ruled from 
to onward by the equations for the collapsing situation, where e(t) is increasing, and it will actually be 
proved to be divergent at some finite time for almost every choice of the initial data, thus yielding a 
singularity. Moreover this fact, and of course the particular form of system ( 2.7a )-( 2.7b) allows us to 
perform the same analysis to study also backwards qualitative behavior of the solution. Indeed, if the 
model is expanding in a right neighborhood of t = 0, and we want to study what happens for t < 0, 
replacing t with —t amounts to consider a collapsing model for positive t. Then we can conclude that the 
expanding model "collapses in the past", i.e. it originates from a big-bang singularity. 

We conclude this section proving a result that will be used throughout all the paper. It essentially 
states that the velocity of all (finite energy) solutions which extend infinitely in the future asymptotically 
vanishes: 



Lemma 2.1. Let (f>(t) a solution of ( 2.7b ) that can be extended for all t > 0, and such that e(t) and 
V'((j)(t)) are bounded. Then 

(2.9) lim <P(t) = 0. 

t — >+oo 

If, in addition V"(cj>(t)) is also bounded, then 

(2.10) lim V'Mt)) = 0. 

t— >+co 



Proof. Using ( 2.8 ) we have 



+00 



0(£) 2 dt 



■.dt 



< +00, 



so there exists a sequence t& — > +00 such that 4>(tk) — > 0. By contradiction, suppose that Bp > 0, 
and a sequence — * tk - that can be taken such that s& > ifc — with |0(sfc)| > p. Let k such that 
|0(^fc)| < f , Vfc > fc, and let Tfc, sequences such that < Tk < c& < Sfc, and 



P 

2' 



l0Ofc)l = Pi 



p 



< <Khc,0-fc])| < p- 
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Note that e bounded implies <f> bounded, while by assumption, V'((f>(t)) is bounded. Therefore by ( 2.6b ), 
there exists M > such that 

\4>{t)\ < M Vt. 

Therefore 

P 



< - 0(r fc )| < / \(f>(t)\ At < M(a k - T k ), 



that is a k 



T k > ofr, and therefore 



2M 



that diverges . Thi s is a contradiction, and then (2.9) must hold. 

To prove (2. 10), let us first observe that 3tk — > +oo such that V'(<j){tk)) 



- otherwise, there would 



exists k > such that | V' ) | > k definitely, which would imply, in view of ( 2.6b ), that \4>(t)\ > n/2, 
that is absurd since lim t ^ +oc (f>(t) = 0. 

Then, let us suppose by contradiction the existence of a constant p > 0, and a sequence Sk — > +oo 
such that tfc < Sfc and |V (^(sfc))| > p. Therefore, one can choose at, Tk sequences such that tk < < 
<7fc < Sk, and 



|VWt))l = 5> 



\V(<K* k ))\ = p, 

Then, since by assumption V"(cf>(t)) is bounded, there exists a constant L > such that 



~ < |V'(0(t))| < P) Vie [r fe! a fe ] 



2 



v'(4>(* k ))-v'{<Kn))\< / |F"(^))||#)|dt<i(<7 fc -77b). 



But for sufficiently large k let us observe that ( 2.6b ) implies \<f>(t)\ > p/A, Wt € [rfc, cr k ], and therefore 
l^(ffe) - H T k)\ = I J T ^ fc 0(t)dt| > that is a contradiction since 0^0. □ 

3. Qualitative analysis of the expanding models 

In this section we study the global behavior of the solutions of ( 2.7a| ), ( 2.7t ) in the expanding (x = 1) 
case. Regarding the potential, throughout the section we shall assume that the function V(</>) belongs to 
the following subset (£ C 23 (O): 



(3.1) 



£ = {V e 53 



lim 



= +00} 



Remark 3.1. The above growth condition on the potential is introduced here to avoid cases when V(<f>) 
admits a flat plateau at infinity; on such situations, the argument of Lemma 3.2 below applies, but the 
function <f>(t) may possibly also diverge as t — * 00, with e(t) approximating twice the plateau of V(x). In 
this case, the critical point at infinity is non hyperbolic and arguments exploited, for instance, in Lemma 
3.5 below do not apply anymore. 

With an argument that uses of the Center Manifold Theorem, a result of local asymptotical instability 



for critical point at infinity is found in [[11], |12| ], where the potential is supposed to be V^, (1 — e 



3/2<^2 

It can be seen that the Center Manifold Theorem applies to extend results of Jl l| , |12| | to a more general 
situation where, as <fi — > +00, V(<f>) has a finite limit, V'(<p) — > + , and 



</>^+oo V'{4>) 



lim 



exists finite (and negative). 

We begin our study proving the following: 
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Lemma 3.2. Let (f> be a solution with x — 1 such that 0(0) — 0o, 0(0) — vq with Vq + 

2V(0(O)) = eo > and (0(0), Vq) ^ (0*, 0) for any <j)* critical point ofV. Then, either there 3T = 
T(0o, vq) > such that e(T) = 0, or <fi(t) is defined in R + and there exists 0* critical point of V such 
that: 

lim 0(i) = 0*, lim 0(<) = 0. 



t— >+oo 
,7 • , ,2 



Proof. Due to there is T > such that V3 f 0(s) ds = ^/e{0) or 

Vt > 0. 



In the latter case, e(t) G]0, eo], Vt > 0. Since V is bounded from below we obtain that the solution is 
defined for all t > 0. Then, by (3.1 ) we have that 0(t) is bounded. Therefore, by Lemma ^TJ 



lim 0(t) = 0, lim V'Mt)) = 0, 

t — >+oo t — >+oo 



and by (2.2), we immediately see that must be convergent to a critical point of V . 



□ 



We now proceed to study the two possible cases described in Lemma p.2\ starting from the behavior 
of the solutions for which e vanishes in a finite time T > 0. Observe first that this situation may happen 
only if V(4>(T)) < 0. However, we show in the Appendix |b] (see remark |R2| ) that if inf V < this 
situation is generic, in the sense that solutions of this kind exist, and that the set of initial data leading 
to solutions such that V(4>(T)) < is open. As said before, for t > T the system will be ruled by the 
equations for the collapsing situation, discussed in Section ^. 

Now, here remains to see what happens if 0(t) converges to a critical point for V((f>). In the following, 
we shall study first the behavior of the solution near a local minimum point of V. 

Lemma 3.3. Let 0* be a local minimum point ofV (not necessarily nondegenerate). Assume that there 
exists a bounded open interval ]a, /3[B 0* such that 

(3.2) V'{4>) >0, V0G]0*,/3], and V'((f>) < 0, V0 G [a,0*[; 

(3.3) V(a) = V{0) =E>0; 

(3.4) ^(0*)>O. 

Let be a solution such that < e(0) < E and 0o G [a, 0]. Then is defined on all R + and 

lim Mt) = 0*, lim kt) = 0. 

t — >+oo t — *-foo 

Proof. Let us consider initial data such that 0(0) = 0o, 2F(0o) = E, 0(0) = 0. Since e(t) is non- 
increasing we have 

(3.5) e(t) <E,Vt> 0. 
Moreover 

0(0) = -v'(M- 

If 0o > 0*, it is F'(0o) > 0, then moves towards 0*. Analogously if 0o < 0*, the solution 
moves towards 0*. Now consider an initial data (0o, 0(0)) such that e(0) = E and 0(0) ^ 0, so that 



2F(0 O ) = E - 0(O) 2 < E. Note that, by (^5|), it must be 2F(0(t)) < E. Moreover, if there exists 



a t such that 2V((f>(t) — E it must be 0(f) = and arguing as above we see that moves towards 0*. 
Therefore a < <p(t) < for all t. Then, by Lemma we deduce that lim 0(t) = 0* which is the 

only critical point of V in the interval [a, 0], and lim 0(t) =0. □ 
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Remarks A. Whenever V{4>*) = further information about the asymptotic behavior of the solution near 
the minimum point 0* can be obtained [p"5|]. In that paper it is indeed proved the oscillation of tf> around 
the minimum point using asymptotic analysis. If is a nondegenerate minimum point (which is the 
more relevant physical case) we can prove the oscillatory character also using an alternative argument as 
follows. Suppose, by contradiction, that <fi does not oscillate around <fi, this means that there exists t\ > 
such that 

fat) ^ fa, Vt > h. 

To fix our ideas suppose fat) > fa Vt > t x . Then, if t > ti and fat) = it is fat) = -V'(fat)) < 
(since V' > in a right neighborhood of 0*). This implies that there exists <2 > such that 

fat) <0,Vt> t 2 . 

Moreover there are not sequences t k — > +oo where fatk) — 0. Otherwise we should have <fi(tk) = 
-(V"(fat k ) + ^^)fat k ) = -(V"{fat k ) - \2{fat k )) 2 )fat k )), so fat k ) < for any k sufficiently 
large, getting a contradiction. Therefore there exists t 3 > such that 

fat) >o,vt> t 3 . 



Then, by (gJbJ), 

-V'{fa) - \/Z~e4> > 0, Vi > U 

that implies (recalling that 4> < 0) 



3(0) + 6V(fa 2 -(V') 2 >o, vt>t 3 



and 



i-r .■ \lv* + ^-v,vt>t 3 . 



Now y(0) = a(4> — 0*)"" + o(0 — 0*) 2 with a > 0, so there exists b > and i4 > such that 



|0| > by/4>- fa, MU, 

(recall that fat) > fa). Finally Vt > U 



< -b\Jcj>- fa 

and integrating we obtain, 



6 



VV>(t) - 0* - vW) - fa < -o*' V * ^ *4, 

in contradiction with 0(i) > 0* for any i > t^. 

Now we shall study the behavior near a local nondegenerate maximum point of V . 

Lemma 3.5. Let 0* be a local nondegenerate maximum point ofV such that V(fa) > 0. Then there are 
only two solutions fa and fa of (2.7b) such that lim fa(t) — 0*, lim fa(t) = 0, % = 1, 2. Moreover 

' ' t — >+oo t — >+oo 

there exists > such that fa (t) > 0* for all t > t* and fa (t) < 0* for all t >t*. 



Proof. Consider the first order system associated to (2.7b) 

/ x = -V'(y)-y/E(x,y)x 



(3.6) 



y 



where E(x, y) — x 2 + 2V(y). 

Let (0, y*) be an equilibrium point of ([3.6]), namely V'(y*) = 0. Suppose 



£(0,j/*) = 2F(j/*)>0. 
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The linearized system of (3^) at (0, y*) is 
(3.7) 



a = -V"(y,)/3-y/W{^)a 
= a. 



-y/W&j -V"{y*) 



Since, by our assumption V"(y*) < 0, the matrix I v ^ ' ; J has one positive eigen- 

value and one negative eigenvalue. Therefore the proof follows immediately by classical theory on sta- 
bility of nonlinear dynamical system in a neighborhood of an equilibrium point (cf. e.g. [pj|). 

Note that the function y/ E(x, y)x is not of class C 1 in a neighborhood of (0, y» ) whenever V(y*) = 0. 
However the quantity y / E(x, y)x is an infinitesimal of order greater than 1 in (0, y*), therefore the 
classical theory can be adapted to this case, studying the linear system 

f a = -V"(y*)l3 
\ $ = a, 

obtaining the same conclusion of the case V(y*) > 0. □ 



Collecting the results shown in this Section (and in Appendix [b]) we obtain the following 



Proposition 3.6. Suppose that V belongs to the set l£ (3.1). Let be <j> a solution of (2.7b) where \ = 1, 
with initial data 0(0) = 0q> 0(0) = Vq, and Vq + 2V(4>q) > 0. Then, one of the two mutually exclusive 
situations occur: 

either 



(3.8) 



3T = T((/5o, v Q ) > such that e(T) = (c/)(T)) 2 + 2V{(j>{T)) = 0, 



and the set of initial data such that (3.8) is satis fied with V{<j){T)) < is open and not empty, while there 
are only a finite number of solutions satisfying (3^) with V{<j){T)) = 0, 



or 

(3.9) 



30* critical point of V with V((f>*) > such that lim (f>(t) = 

t — >+oo 



and lim <j)(f) = 0, 

t — >+oo 



and the measure of the initial data set such that <p(t) — > 0* maximum point is zero, while the set of initial 
data such that <f>(t) — > 0* minimum point is open and not empty. 
Moreover, situation (3.8) occurs only if mi V < 0. 



4. Qualitative analysis of the collapsing models 



The aim of the present section is to study the qualitative behavior of the solution of (2.7a)-( 2~7b| ) in 
the collapsing case (x = —1), for which we will require that V((f>) satisfies some further conditions. We 
first assume that 3V* positive constant such that: 



(4.1) 
and 



the set B := {cf> G R : V(<p) < V*} is bounded, 



(4.2) 4> > sup B 

Moreover, defining the function 

(4.3) 



V'(0)>O, (j) < mlB =^> V'(<f>) < 0. 



u(4>) 



2V3V((/)) ' 
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and introducing the growth conditions 
(4.4) 

(4.5) 



limsup \u((f))\ < 1, 

<p— »±oo 

3 lim u'(0)(=O). 

d> — *±oo 



we assume that V belongs to the subset C C QJ defined as 

(4.6) £ = {V e 23 : V satisfies @-Q and ©-©}. 

We stress that this class contains the potentials which are usually considered in the physical applications. 
For instance, it contains the standard quartic potential (V(<f>) = — im 2 2 + A 2 4 ) and, more generally, 
all the potentials bounded from below whose asymptotic behavior is polynomial (i.e. 2 ™ for \<j)\ — ► oo, 
n > 1). Moreover, it obviously suffices for V € £ to diverge at infinity to be also in the class € studied 
in previous Section |[ 

Let t = be the initial time and let 0o = 0(0) E B. We consider only data which satisfy the weak 
energy condition and thus, we assume 

(4.7) e = e(0) = 2 (O) + 21/(0(0)) > 0. 

We start considering initial data such that eo is "sufficiently large", more precisely 

(4.8) e >2V*, 

where V* has been defined just above, and proceed to show that the solution <p(t) diverges in a finite time 
for almost every choice of the initial data (Proposition [4. 1 \\ . Then, we will extend the result by removing 
the restriction (4.8). 

Before starting the proof, let us notice the following: 

Remark 4.1. If 0(0) = then 0(t) ^ in a right neighborhood of t = 0. Indeed, 2y(0 o ) = e > 2V", 



then 0o ^ B, the set of internal points of B. This implies by (\.2) that V' (0o) ^ 0, so that (2.7b) shows 
0(0) ^0. 



Remark 4.2. Recall from ( ]2. 8| > that e(t) is monotonically non decreasing. Actually, we can also observe 
that, Vi > 0, e(i) is strictly greater that eo: it is straightforward if 0(0) > 0, but is also true, in view of 
Remark O, if 0(0) = 0. 



Remark 4.3. Given to > 0, there exists a constant S > such that, for all ti, £2 such that to < t\ < £2, 
and 0([ti, t 2 ]) C S, 0(<) 2 > 5, V< e i 2 ]. Indeed, let (5 = e(t ) - e > (cf. Remark O). Then, if 



t e [h,t 2 

(lO) and m.8h 



0(i) 2 = e(i) - 2V(0(t)) > e(ii) - 2F(0(t)) > 5 + e - 2V* > 5, where we have used 



Remark 4.4. Let t > such that 0(t) ^ S and = 0. Then, (2.7b) and (4.2) imply that i is a 
local extremum for 0. In particular, it is a local maximum if <j>(t) > sup B, and is a local minimum if 

0(t)<infB. 

Let I C [0, +00) be the maximal right neighborhood of t = where the solution 0(i) is defined, and 
call 

t s = supl eK+U {+00}. 
We can now state the following lemma. 

Lemma 4.5. If<fi(t) is bounded, also 4>{t) is bounded, andt s = +00. 
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Proof. Let K a bounded set such that <j)[t) E K,Vt E I, and argue by contradiction, assuming (/> not 
bounded, and supposing that supj <p(t) — +00 - the same argument can be used if <f> is unbounded only 
below. Let t such that 

. {T)> su PK V>(t) 



/3eo 

therefore ( 2.7b[) im plies that cf>(t) > 0, and then <j) is increasing in t. But this means that (f> is increasing in 



t, therefore ( 2.7b ) shows that <ft > 0, Vi > t, and then (f> is eventually increasing, namely linif^t, 4>(t) 
+00. This shows that t s < +00, otherwise it would be cj)(t) — (j) = L 4>(t) dr, which would diverge as 
t ->■ +00. Then t s e R. 
With the position 

\{t) = -J-, 



equation (2.7b) implies 



u m 2 V *(*) 2 

and then A(i), near i = t s , behaves like V3(t s — t). Since <j)(t) positively diverges, lim t _>t s (f>(t) = <fi* 
exists, and is finite since 4>(t) is bounded by hypothesis. But the quantity 

m - <t>* = j 4>{r)dr = J ' -Ldr 

diverges, which is absurd. This shows that cb(t) must be bounded too. 

To show that t s = +00, we proceed again by contradiction. Let tk — > t s be a sequence such that 
the sequence (<f>(tk),<j>(tk)) converges to a finite limit (^*,<^*). Solving the Cauchy problem ( 2.7b ) 
with initial data (<fi*, 0*) shows that the solution <p(t) is C 1 , the solution could be prolonged on a right 
neighborhood of t s . □ 

Proposition 4.6. The function c/>(t) is unbounded. 



Proof. Let by contradiction <f>(t) be bounded. Then, by Lemma 4.5, \4>{t)\ < M for a suitable constant 



M, and t s — supl = +00. In particular V(cj>(t)), V'((j)(t)), e(t),cf>(t) are bounded also. Then Lemma 



2.1 says that lim t _, +(X > <p(t) = 0, that implies lim t _> +00 2V{(j)(t)) — lim t ^ +oc e(t) > e > 2V* , and 



so ^ £> for any i sufficiently large. Then, for large t, <p(t) moves in a region where V is invertible. 



Since V(<p(t)) converges this happen also for (f>{€) which converges to a point <ft« £ B. Then by (2.7b) 



4>{i) -> -V'(0*) 7^ (since <f>(t) -> 0), that is absurd. Then lim sup t ^ ts |0(t)| = +00. □ 

We have shown that 0(f) is not bounded. Now we want to show that, actually, <fi(t) monotonically 
diverges in the approach to t s . 

Remark 4.7. We observe that the quantity 
satisfies the equation 

(4.10) p = 2V3<?W(1 + P) (u(0) % /ITp-sgn(^)) . 



Proposition 4.8. Let V G € ( |4.6| ), and fet^i:ICE->l f/ze solution of (2.7b). 77zen 0(t) is eventually 
not zero, and 

lim I I = +°°- 

£ — >sup I 
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Proof. By contradiction, let Sk be a sequence of local minima, and t k a sequence of local maxima for 
4>{t), both convergent to t s , an d such that Sk < tk < Sk+i < ifc+i, for each k (recall that \<fi(t)\ is 
unbounded). Then Remark 4.2 implies 



that is 



K < | < \e{s k ) < \e{t k ) < \e(s k+ i) < \e(t k+ i), 



K < V(s k ) < V(t k ) < V( Sk +i) < V{t k+ i). 
Sk < inf B and tk > sup £?, that is <f>it) crosses B infinitely many times. We 



Recalling Remark 4.4 

claim that limt^t s e(t) = +00. Otherwise, e(t) would be bounded, and also <f>(t) would be. In particular 
taken ak, Tk sequences converging to t s such that Ok < Tk, and 

(j>(a k ) = inf B, 0(r fc ) = supS, 0([cr fe r fe ]) C B, 

and called N = sup B — inf B, it must be 



N = (j>(Tk) ~ <P(°k) 



j>(t)dt<M(T k -a k ), 



and so Tfe — (Tfe > Then, by (2J5), and Remark 13 



f Tk N 
! / 2 d< > 5%/3(r fc - (7 fc ) > SV3— , 

Ja k M 



V e ( T k) - V^k) = / -Z-j= dt = V3 

and then e(i) must diverge. 

Now, recalling \A, let > be a sufficiently small constant, and let — > t s a sequence such 
that 0(rfc) = 0, with < 1 - 6> as > 0. Then 0(r fc ) 2 = e(r fc ) - 2V((j>) — > +00. Let us 

suppose that <p(r k ) is unbounded above - analogously one can argue if it is only unbounded below. Up 
to subsequences, we can suppose that 4>(rk) positively diverges. Moreover, recalling (4.9), p(r k ) — ► 
and then, if k is sufficiently large, 



1 -I 



so that, since (j)(r k ) = <fi an d u(<p) < 1 — 8, we have 



Then, p(rfe) < 0, that is pit) is decreasing at r k . But we can observe that (f>(t) is increasing in r k , 
ensuring u(<fr(t)) < 1 — 9, and so, in a right neighborhood of r k , 



U(<j>(t))y/1 + p{t)- 1< (1 - 0)v/l + p(i) - 1 

that is decreasing. We conclude that the function pit) decreases for t > rk, until t equals a local 
maximum t k , where <p vanishes. But since 2V{(j>it)) < K(j>it) 2 for some n > 0, this fact would imply 
e(ipitk)) — 0, a contradiction. Then is eventually non zero. This implies that there exists lim \</)(t)\ 

t — *+oo 

so, by Proposition 4.6, it is +00. □ 



We have shown so far that <f){t) diverges, as t approaches t s = sup I. In the following, we will show 
that t s el for almost every solution, in the sense that there exists a set of initial data, dense in the set of 
the admissible ones, such that the solution is defined until a certain finite comoving time t s (depending 
on the data). Henceforth we will suppose (just to fix our ideas) </>(i) positively divergi ng an d (f>(t) > 
Vf > i. Then, in the interval [i, +00), p can be seen as a function of <f>, that satisfies by ( 4. 1Q| ) the ODE 



(4.11) 



^ - 2 PV /3(IT^) (u^)^/TT~p - 1) 
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Remark 4.9. It is not restrictive to study ( 4-. 11 ) for large and positive <f>. Indeed, consider the case 
4> — > — oo, and take p(ip) — p(—ip), V(ip) — V(—ip). Then, ( [4.10 ) gives 



-p(-^)2v/3(l + p(-V)) 



where ip is large and positive. Once we observe that V satisfies, for large and positive rp, the same 
assumptions as V, we have that ( f4.1 1[ ) also controls the behavior of p as <j> — > — oo. 

We now state the following crucial result. 

Lemma 4.10. Except at most for a measure zero set of initial data, the function p(t) goes to zero for 
t — > sup I. 

Proof. The proof will be carried on b y studying qualitatively the solutions of the ODE ( |4.1l| ). By virtue 
of Proposition X. 8, and Remark 4.9, we will be interested in those solutions which can be indefinitely 
prolonged on the right. 

With the variable change y = y/1 + p, ( }4. 1 1| ) becomes 



(4.12) 



dy 



V3(y 2 - 1) (u(<f>)y - 1) , 



where we recall that u(cf>) is given by (4.3 ). 

Let us consider solutions of (4.12) defined in [(f>o, +oo). If liminf0^ +oo \y(<fi)u((j)) — 1| > then, 
necessarily, u((f>)y(<fi) — 1 < (and y(<j>) decreases, and goes to 1), otherwise the solution would not be 
defined in a neighborhood of +oo. In short, if y((j>) is a solution defined in a neighborhood of +oo, the 
following behaviors are allowed: 

(1) either y((f>) is eventually weakly decreasing, and tends to 1 (so that p tends to 0), 

(2) or liminf ^_> +0O \y(4>)u{<j>) - 1| = 0. 

With the variable and functions changes 



-V3<j> 



z = uy — 1, 



equation (4.12) takes the form 

(4.13) (su)z(s) = -{z + l) 2 z + (u 2 + su)z +su. 

But it can be easily seen, using (|4~5|), and the identity 

su(s) = -^u'O), 

that ( 4.13 ) satisfies the assumption of T heorem A..1 in Appendix and so there exists a unique solution 
for the Cauchy problem given by (4.13 ) with the initial condition z(0) = 0, that is furthermore the only 
possible solution of the ODE ( 4.13 ) with lim inf s _>o \ z i s )\ = 0, and this fact results in a unique solution 
satisfying case (Eh above, whereas all other situations lead to case 



Now, we show that the singularity forms in a finite amount of time, for almost every choice of initial 
data. 
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Proposition 4.11. Ifeo > 2V*, except at most for a measure zero set of initial data, there exists t s < +oo 
such that t s = supl, and the following facts holds: 



(4.14) 
(4.15) 
(4.16) 



lim e(t) = +oo, 
t—>tj 

lim (f)(t) = +oo, 
t— >tj 

lim a(t) = 0. 



Proof. From (2.5) and ( 2.7a )-( 2.7b), it easily follows that 



(4.17) 



s(t) = 273e 3 / 2 



1 + P(t) 



But Lemma above ensures that p (defined in ( |4.9[ )) goes to zero for almost every choice of initial data. 
For this choice, e(t) > e 3 ^ 2 in a left neighborhood of supl. Then t s < +oo and ( 4.14 ) easily follows, 
using comparison theorems in ODE. 

We already know that <f>(t) — > +oo. To prove ( [4.15 ) we observe that 

e(t) 



pit) + 1 



and then (4.14) implies (4.15) 



To prove (4.16), we first prove that 
(4.18) 



lim / \fe dr 

t~+tj Jo 



-00. 



Indeed, recalling that p{t) is eventually bounded, 3t > such that e(t) = </> 2 (i)(l + p(t)) > n 2 4>(t) 2 , 
for some suitable constant k > 0, so \/e(t) > n<j>(t), Vt > t, and then 



t rt 
Vedr > k / </)(t) dr = - <j){t)). 

Ji 



(2.7a). 



The righthand side above diverges because of Proposition |4.8[ , and (4.18) is proved. Moreover, using 

a(t) 



log 



a(0) 



- dr 

a 



from which ( 4.16 ) follows, since by ( pa8[ ) the righthand side above negatively diverges as t 



□ 



4. 1 . The case eo < 2V*. Now we are going to consider the case where ( 4.8 ) does not hold. This means 
that there exists at least one critical point 0* for V(4>) such that 

(4.19) 2V* >V(4>*)>e . 

First of all, we take care of the case eo = 0. Since the potential can be negative, one should consider the 
case in which the energy vanishes "dynamically" (that is, <p solves the equation (j>(t) 2 = —2V(<p(t)) Vt). 
However, these functions are not solutions of Einstein field equations (2.3a)-( 2.3b| ), since e(t) = 
implies a(t) = ao and then <f>(t) = 0, V(<p(i)) — V((f>o) = 0. Thus, one is left with a set of constant 
solutions with zeroenergy of the form (ao, 0o), with ao positive constant and y(0o) = 0. This shows that 
at the "boundary of the weak energy condition" local uniqueness of the field equations may be violated if 
V'((/>o) ^ 0. However the set of the initial data for the expanding equations intersecting such solutions in 
a finite time has zero measure (n ote t hat the points 4>q such that V(<fio) = and V (</>o) ^ are isolated). 
Further, we prove (se e Lem ma B.l in Appendix |b|) a result of local existence and uniqueness for the 
solutions of equation ( 2.7b| ) satisfying e(0) = 0, but for which e(t) > for t > 0. 
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Figure 1. Behavior of the function <fi(t),e(t), and a(t) with potential given by 
V(<fi) = 1 — 4> 2 + </> 4 . The initial conditions are 4>q = —0.6, cbo = 0, ao = 1. 
The time of collapse t s approximately equals t s = 2.1. 



Let us now study the evolution of (f>(t) assuming e(t) < 2V*, Vi 6 I (otherwise the previously 
obtained results would apply). In this case (j>(t) G B for any t > and, since <fi is bounded, sup I = 
+oo. Then Lemma 2.1 applies, to find lim t ^ +oc cb(t) — 0, lim t ^ +oc V' (4>(i)) = 0. Moreover by 
assumption 2.2 there exists <fi* critical point of V such that lim t ^ +oc <j>(t) = (with critical value 

V(<j>*) = lim t ^ +00 e(i) G]0,2T4[. 

Whenever 4>* is a (nondegenerate) maximum point we can study the linearization of the first order 



system equivalent to (2.71) in a neighborhood of the equilibrium point (0, (/>*), as done in Lemma 3.5 



obtaining a result totally analogous to Lemma 3.5. Moreover, by the results of Lemma 3.3 (which can be 
seen as the "time-reversed" version) we see if 0* is a minimum point and (j> starts with initial data close 
to (0, 4>*), then cf> moves far away from 0* . 

Therefore, under the assumptions made, for almost every choice of the initial data, the function cf>(t) 
must be such that its evolution cannot be contained in the compact set B defined in (4.1 ), namely, e(ti) > 
2V„ for some t\ > 0, which allows us to apply the theory we already know to show that the singularity 
forms for almost every choice of the initial data. The results are summarized in the following theorem: 



Theorem 4.12. Suppose that V{<f) belongs to the set £ (4^6). Then, except at most for a measure 
zero set of initial data satisfying weak energy condition, there exists t s G E, such that the scalar field 
solution becomes singular at t — t s , that is \va\ t _^ t - e(t) — +oo, and lim t ^ t - a(t) = 0. Moreover 

lim t ^ t - <j)(f) = +oo. 
4.2. Examples. 

Example 4.13. The above results hold for all potentials with polynomial leading term at infinity (i.e. 
\ 2 cj) 2n ). For instance, for a quartic potential V(cfi) = —^m 2 cj) 2 + A 2 </> 4 , with A,m/0, the function u(4>) 
goes as -^=^ for <f> — > +oo, and all conditions listed above hold. The behavior for a particular example 
from this class of potential is given in Figure |l| 

Example 4.14. In the case of exponential potentials, the results hold for asymptotic behaviors with lead- 
ing term at infinity of the form Vbe 2 ^ 1 ^ 1 with A < 1. For instance for V(4>) = V e 2 ^ x v'' t ' 2+ ~< 2 , where 
Vo, A, 7 > 0, the quantity u{(j)) goes like A, and so ([m]) is verified if A < 1. See a particular situation 
from this class represented in Figure |[ 
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Figure 3. Same as Figure [j] where now V(<j>) = 2(1 



-Vx*+I\2 _ l„-(x+4) 2 



1. The initial conditions are 0o = 0, <pa = 2V(0), oq = 1. The time 



of collapse t s approximately equals t s 



Example 4.15. Decaying exponential potentials can be considered as well. For instance for V(<p) — 

(1 — e~ Q v^+^) 2 the function u(<j>) behaves like e~ a ^, so it goes to zero at ±oo. Figure || represent 
a situation where some corrections terms have been added in order to obtain a potential with more than 
one critical points. Even choosing initial data such that eo = 0, the solution diverges in a finite amount 



of time, as showed in general in Subsection 4. 1 
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5. Gravitational collapse models 

In what follows, we construct models of collapsing objects composed by homogeneous scalar fields. 
To achieve this goal we must match a collapsing solution (considered as the interior solution in mat- 
ter) with an exterior spacetime. The natural choice for the exterior is the so-called generalized Vaidya 
solution 

(5.1) As 2 = - (l - ^MiElIl) dU 2 -2dYdU + Y 2 dQ 2 , 



Y 

where M is an arbitrary (positive) function (we refer to [ |l8| ] for a detailed physical discussion of this 
spacetime, which is essentially the spacetime generated by a radiating fluid). The matching is performed 
along a hypersurface £ which, in terms of a spherical system of coordinates for the interior, has the simple 
form r = r = const. The Israel junction conditions at the matching hypersurface read as follows (see 
^ Proposition 4. 1 and Remark 4.2]): 

(5.2) M(U(t),Y(t)) = l -r 2 a{t)a(t) 2 , 

(5.3) W {U(t) ' Y(t)) = \ T ^ 2 + 2fl W«W)' 
where the functions (Y(t), U(t)) satisfy 

(5.4) Y(t)=r b a(t), ^(t) = - 



a(t)r b ' 



The two equations (5.2 )— (5.3 ) are equivalent to require that Misner-Sharp mass M is continuous and 



jjjj- = on the junction hypersurface E. 

The endstate of the collapse of these "homogeneous scalar field stars" is analyzed in the following 
theorem. 

Theorem 5.1. Except at most for a measure zero set of initial data, the scalar field model matched with 



the generalized Vaidya solution (5.1) collapses to a black hole. 



Proof. We will make use of the result in [|J Theorem 5.2], that states that if, in the approach to the 
singularity, the quantity a 2 = a 2 e is bounded, then the apparent horizon cannot form, and th e sin gularity 



is naked. It is indeed easy to check that the equation of the apparent horizon for the metric ( |2.1[ ) is given 
by r 2 a(t) 2 = 1. If d is bounded, one can choose the junction surface r = r b sufficiently small such that 
o 2 (£) < 77 > V(t, r) € [0, i s ] x [0, r&], and so (l — ^M) is bounded aw ay fr om zero near the singularity. 



As a consequence, one can find in the exterior portion of the spacetime ( |5.1| ), null radial geodesies which 
meet the singularity in the past, and therefore the singularity is naked. Otherwise, if a 2 is unbou nded, the 



trapped region forms and the collapse ends into a black hole. Now, we have proved in Lemma |4.10| the 



existence of poo = lim^oo p((f>) (which is also equal to lim t ^ t - p{t) ), and that, actually, vanishes 



except for a zero-measured set of initial data. On the other end, using ( |2.3b[ ), we get 
(5.5) ii = -- 



and therefore a < — 2- eventually holds in a left neighborhood of t s , say [to, t s [, where d is decreasing. 
It follows that Vt G]to, t s [, a(t) < a(to), which is negative by hypotheses. Then 

d(t)-d(t )= / d(r)dr<-/ dr < -d(t ) / 4"T dr ' 



to a ( T ) ' Jto a ( T ) 



that diverges to — oo by (4.16). Then a(t) is unbounded. □ 
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5.1. Examples of non-generic situations. In the crucial Lemma 4.10 the function p has been shown to 
vanish, in the late time behavior, for almost every choice of the initial data. Now we want to reconsider 
the non generic situation where Iim..- y((f>(t))u((f>(t)) = 1. Actually, if the potential V(4>) satisfies the 
condition 

liminf \u((j>)\ > 0, 

— >±oo 

the argument of Proposition [4.1 l| may be used also in this (non generic case), to prove the formation of 
the singulari ty in a finite amount of time. Indeed, in this case y is bounded above, and then p is, so that 
one can use ( 4-. 17 ) to find a constant k > such that e > n e'l' 1 in a left neighborhood of sup I. 
Moreover, recalling that p = y 2 — 1, and equation (5.5), if 

liminf \u((f>)\ > ^, 

(h— >±oo 



the argument in the proof of Theorem 5.1 also applies here, and the collapse ends into a black hole. In 
particular, observe that in this case 2 — p is bounded away from zero, and positive. On the other side, if 



lim sup \u{cj))\ < 

4> — >±oo 



then a is eventually positive, and this implies that a is bounded, so that the formation of the apparent 
horizon is forbidden. As a consequence, the collapse, in this non-generic situation, ends into a naked 
singularity. 

Example 5.2. The potential in exponential form of Example |4. 14 is such that u(<fi) behaves like a positive 
constant A, and then it always gives rise to a black hole. The - non generical - data producing the solution 
such that lim^oo p(cj)) = ~ 1 are discussed in [|| a choice of A < makes the limit p x greater 
than 2, and the apparent horizon cannot form, resulting in a naked singularity. 



Example 5.3. Let V the potential given by the polynomial in Example 4.13. We already know that almost 
every choice of initial data forms a singularity, which happens to be a black hole. Note that, in the general 
case of a polynomial potential with leading term X 2 (j> 2n , with n > 2, it can be shown that every initial 
data gives rise to a singularity, although the function u(4>) diverges and therefore the above arguments 
cannot be applied. Indeed, if y(<fi) goes like - that in this case behaves like then using (4.9) 

it is easily seen that cb = n_1 , since 

-^^y 2 = l + p^l + — 

and then if n > 2 the solution must diverge in a finite amount of time. The non generical data yielding 
this particular situation, moreover, forbid apparent horizon formation, and so the resulting singularity is 
naked. 



6. Discussion and Conclusions 

We have discussed here the qualitative behavior of the solutions of the Einstein field equations with 
homogeneous scalar fields sources in dependence of the choice of the self-interacting potential. In the 
case of cosmological models, our results widely extend the recent relevant results obtained by Rendall 
([[Til [l5[ |) and by Miritzis ([[io|]). Using asymptotic analysis, Rendall has been able to show that scalar 
fields exhibit an oscillating behavior if the potential is quadratic (that is, if the field is free but not mass- 
less) or if V is of the form a<f> 2 + 0(4> 3 ), while Miritzis has classified the limiting behaviour of solutions 
for a large class of non-negative scalar field potentials. In both these cases however, global existence is 
guaranteed. Our approach here extends the "spectrum" of available potential, and in doing so includes 
the cases in which there is no global in time evolution. This allows us to treat in a unified manner also the 
case of gravitational collapse, in which a singularity is always formed in the future. Matching these so- 
lutions with a Vaidya "radiating star" exterior we obtained models of gravitational collapse which can be 
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viewed as the scalar-field generalization of the Oppenheimer-Snyder collapse model, in which a dust ho- 
mogeneous universe is matched with a Schwarzschild solution (the Schwarzschild solution can actually 
be seen as a special case of Vaidya). 

The Oppenheimer-Snyder model,as is well known, describes the formation of a covered singularity, 
i.e. a blackhole (it is actually the first model of blackhole formation ever discovered). The same occurs 
here: indeed we show that homogeneous scalr field collapse generically forms a blackhole. The examples 
of naked singularities which were found in recent papers [|| f7|], turn out to correspond to very special 
cases which, mathematically, are not generic. Therefore, our results here show that naked singularities are 
not generic in homogeneous, self-interacting scalar field collapse, at least for the considered (but wide) 
class of physically relevant potentials. Non-genericity is already well known for non self-interacting (i.e. 
V(<fr) = 0) spherically symmetric scalar fields. Whether this result can actually be shown to hold also 
in the much more difficult case of both inhomogeneous and self-interacting scalar fields remains an open 
problem. 

Appendix A. An existence/uniqueness theorem for a kind of singular ODE 

In this section we prove a result of existence, uniqueness, and instability of solution for a particular 
kind of ordinary differential equation of first order to which the standard theory does not apply straightfor- 



wardly. To the best of our knowledge this result, needed in the proof of Lemma 4. 10, although relatively 
simple, does not appear in the literature. 

Theorem A.l. Let us consider the Cauchy problem 

h(s)z(s)=f(s,z(s)) + g(s), z(0) = 0. 

and (3 is a positive constant such that the following conditions hold: 

(1) h e C°([0,/3],E) such that h(0) = 0, h(s) > Oin]O,0\, and /i(s) _1 is not integrable in ]0,/3]; 

(2) g e C°([0, E) such that g(0) = 0; 

n\ = n 

dz 1 



(3) / e C 04 ([0, [3] x E, E) such that f(s, 0) = 0, §£(0, 0) < 0, and 

(4) 3p > such that §j(s, z) is uniformly Lipschitz continuous with respect to z in [0, 0] x [— p, p], 



that is 3L > such that, if\zi\, \z2\ < p, s G [0, (3], then \ ^-(s, z\) — §j(s, 22)! < L\z\ — z^\- 
Then, there exists a < (3 such that the above Cauchy problem admits a unique solution z(s) in [0, a]. 
Moreover, this solution is the only function solving the differential equation h(s)z(s) — f(s,z(s))+g{s) 
with the further property liminf s _»o \z(s)\ — 0. 

Proof. Let us set a < (3 free to be determined later, and let X a be the space 

X a = {ze C°([0, a]) n C 1 (]0, a]) : z(0) = 0, lim h(s)z(s) = 0}. 

s-»0+ 

It can be proved that X a is a Banach space, endowed with the norm ||^|| a = ||^||oo + Halloo- 
Let also be 

y a = {AeC°([0,a]) : A(0) = 0} 
a (Banach) space endowed with the L°°-norm and let us consider the functional 

T:X a ^ y a , T{z)(s) = h(z)z{s) - f(s, z(s)). 
It is easily verified that T is a C 1 functional, with tangent map at a generic element z € X a given by 

(dF(*)fc]) (s) = h(s)tts) - z(s))as), 
where ^ S X a . Observing that g E y a , we want to find a such that the equation 
(A.l) F{z)=9 

has a unique solution z E X a . To this aim, we will exploit an Inverse Function scheme, and we will 
prove that T is a local homeomorphism from a neighborhood of zq = in X a onto a neighborhood of 
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T{zq) = in y a , that includes g. This will be done using neighborhoods with radius independent of a 
and this will be crucial to obtain the uniqueness result. 

In the following we review the classic scheme (see for instance [fi]]) for reader's convenience. Let 



R(z) = T{z) - T{0) - dF(0) [z\; then (JAJJ) is equivalent to find z such that R(z) + dF(0)[z] = g, and 
therefore, if dF(0) is invertible, to prove the existence of a unique fixed point of the application T on 

X n 



(A.2) T(z) = (^(O))" 1 [g-R(0,z)]. 

We first show that T is a contraction map from the ball B(0,S) C in itself, provided that 6 and \\g\\oo 
are sufficiently small (independently by a). The following facts must be proven to this aim: 

(1) there exists a constant M, independent on a, such that, Vzi, z 2 G X a with ||^i||ai H^Ha < 1, it 
is 

(A.3) ||dF(*i) - d^(z 2 )|| < M ||zi -z 2 \\ a 

(the norm on the left hand side refers to the space of linear applications from X a to y a ). 

(2) there exists a constant C, independent on a, such that 

(A.4) HdJ^or 1 !! < C 

(here the norm refers to the space of linear applications from y a to X a ). 
If the above facts hold, given z\,z 2 € X a , then 

d^(0)[T( Zl )-T(z 2 )} 

= R{z 2 ) - R(zi) = T{z 2 ) - T{z x ) - dT(0)[z 2 - z x \ 



[ {AT{tz 2 + (1 - t)zi) - dF(0)) [z 2 - zx] At, 
Jo 



hence, if in addition zi, z 2 € -B(0, <5), 



||T(zi)-T(z 2 )|| Q < 

||(dF(0)) _1 || Qf || (dF(fz 2 + (1 - £)zi) - dF(0)) || d^ ||z! - z,!^ < 2MC5\\ Zl - z 2 \\ a . 
and therefore: 

• T is a contraction, taking <5 such that A' := 2MC8 < 1; 

. since ||T(z)|| Q < ||T(z) - T(0)|| Q + ||T(Q)|| a < K\\z\\ a + || (dF(O))- 1 [.g] || a < K\\z\\ a + 
CUpIIoo, then T maps B(0,8) in itself, provided that WgW^ < C _1 (l - K)8. 

Observe that the first of these two facts fixes the value of 6, whilst the last inequality holds choosing a - 
free so far - small enough. This is one of the reasons why the constants M and C must be independent 



on a. Then T admits a unique fixed point on 5(0, 5), which is the solution to our problem (A.l ) on 
the interval [0,a\. In other words, the function J 7 is a local homeomorphism from B(0,6) C X a to 
B(0,C-\1-K)S) cy a . 

To see that the solution is globally unique on X a , let us argue as follows. Suppose z E X a \ B(0, 6) 
(z 7^ z) solves the problem, and let a\ < a sufficiently small such that ||z| | ai < 6. T hen, observing 
ll5l|.L°°([o,ai]) — II3||l°°([o.q]) < C _1 (l — K )S, and recalling that estimates ( |A.3| )-(A.4) do not depend 



on a, one can argue as before to find that z|[o, Q1 ] is the unique element of B(0. S) C X ai mapped into 
p|[o,ai] S(0,C _1 (1 — K)5) C y ai . But, of course, ||2||ai < II z I|q < S, so z and z coincide on 
[0, ai], and therefore on all [0, a]. 

Therefore, to complete the proof of the existence and uniqueness for the given Cauchy problem, just 



(A.3)-(A.4) are to be proven. The first equation is a consequence of local uniform Lipschitz continuity 
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of f. z . The second one needs some more care: taken A £ we must consider the Cauchy problem 
(A.5) h(s)i(s)=£(s)as)+X(s), £(0) = 0, 

where £(s) := 0), that without loss of generality we can suppose negative, Vs 6 [0, j3}. First, it is 

easily seen that ( |A..5| ) admits the unique solution £ <E A" Q , 

£(s) = e" ^ WW 1 d * r ^l e /° £ ( r )' l ( r ) _1 dr dt 



/o 

Then H(dJc-(0))- 1 [A]|| ct = ||£|| Q < (1 + ^a)||^||oo + ||A||ao, where h = \\l\\ L ~ M . Moreover, called 
£ a = supp £(s) < 0, it is easily seen that ||£||oo < — ^■||A|| 0o > so it suffices to choose C = 1 — ^ , 
and ( |A.4| ) is proven. 

To prove last claim of the Theorem, let us suppose that w(s) is a function defined in [0, a] such that 
h(s)w(s) = f(s,w(s)) + g(s), and that Sk is an infinitesimal and monotonically decreasing sequence 
such that w(sk) — * as k — ► oo. We want to prove that w = z, and therefore, it will suffice to show that 
lim s ^ w(s) = 0. 

First of all, observe that from the hypotheses, the equation f(s, z) + g(s) = defines a continuous 
function £(s) : [0, S] — > E, such that C(0) = 0. In particular, since ||(0, 0) < 0, 3p > such that, in 
the rectangle [0, S] x [— p, p], it must be /(s, z) + g(s) < (resp.: > 0) if z > ((s) (resp.:z < C( s ))- 

Let us now argue by contradiction, supposing the existence of an infinitesimal sequence er^, that can 
be chosen with the property tJk < Sfc, such that ^(cfc)! > 8 for some given constant 9. Now, up to 
taking a smaller constant <5, then |£(s)| < §, Vs £ [0, 5]. Then, for k sufficiently large, |w(afc)| > 9 > 
| > sup[ ^ |C( S )|- Therefore, Vs < <7fc, |w(s)| > |w(crfc)|, which is a contradiction since w(sk) — * 0. 
Then lim s _^ w{s) — 0, and the proof is complete. 

□ 

Appendix B. Local existence/uniqueness of solutions with initial zero-energy 

Lemma B.l. Let O , vq such that Vq + 2V{4>q) — 0. Then, there exists > such that the Cauchy 
problem 



4>(t) = -vw)) + ^my+2vm)))m, 
(B.i) \ 0(0) = ^,, 

00 = v , 

/za.s a unique solution (f>(t) defined in [0, t„] w/f/i f/ie property 



t v 2 

2 



(B.2) e (t)=3lJ cf>(sYds\ , Vte]0,i*]. 

Moreover if (4>o. m , vo.m) (00, w o)> (^o.m ) 2 + 21/(00,™) = and m is f/z<? solution of (BT) w/f/i 



initial data (4>o,m-> v O,m) satisfying condition ( B.2 ), if is m — > wif/i respect to the C 2 -norm in the 
interval [0, t*]. 

Proof. Let us consider the "penalized" problem 

[ 0(t) = -V'(#t)) + ^M*) 2 + 2F(0(t)) + J) 0(i), 
(B.3) j 0(0) = 

[ 00 = «o, 

that has a unique local solution <fr n . If 0„ is not defined Vf > 0, let I„ be the set 

I n = {«el: |0„(s)| < |0 O | + 1, \Ms)\ < \v \ + 1, Vs > i}. 
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Of course, I„ ^ and, called t n = sup In, if in is finite, then \ 4> n (t n )\ = \vo\ + 1, or \(j) n {tn)\ = |0o| + l- 
Now assume \4> n (t n )\ = \4>o\ + 1- Then 

1 = |0n(*n)-<fo| < / \Ms)\ds<(\v \+l)t n . 

Jo 

Analogously if \(f> n (t n )\ = \ v o\ + 1 we nave 

1 = \<j>n(tn) ~ V \ < / \(f>n(s)\ds. 

Jo 



Since |<^ n (i)| < |0o| + 1 an d I0n( s )l < l w o| + 1 f° r all t £ [0, t n ], and 0„ solves (B.3), we see that there 
exists C independent of n such that \4>(t)\ < C for all t £ [0, t n ] ■ Therefore in this second case we obtain 
1 < Ct n . 

Then := inf„ t n > (we set t* = 1 if <„ = +oo Vn). Moreover \cf> n \ is uniformly bounded in 



[0, then up to subsequences, there exists a C 1 function solution of (B.l ), such that <f> n — > and 
</>„ — > uniformly on [0, t*]. 

Now, consider e„(t) := <j) n {t) 2 + 2V{<j> n {t)) + ^x- We have 

(B.4) e n {t) = 2VS^(t)Mt) 2 . 

Then e is not decreasing, while e(0) = ^. Then is uniformly bounded away from zero and therefore by 



(B.4), dividing by ^f&H and integrating gives y/e n (t) = + V% J Q <Pn(s) 2 ds. Therefore passing to the 

limit in n we obtain e(t) = <ft(t) 2 + 2V(4>{t)) = 3 ( f* 4>{s) 2 ds^j for all t € [0, £»] obtaining the proof 
of the existence of a solution. 

The uniqueness of such a solution can be obtained by a contradiction argument. Assuming <f> and tp 



solutions, and called 9 = tp — ip, one can obtain, using (B.l ), the estimate 



\0(t)\<K 1 f \d(s)\ds + K 2 f \e(s)\ds 
Jo Jo 



for suitable constants K\, Setting p(t) = \0(t)\ + \0(t)\, and observing that p(0) = 0, it is not hard 
to get the estimate p(t) < (K\ + K 2 + 1) L p(s) ds, and then p = from Gronwall's inequality. 

Finally using Gronwall's Lemma as above we obtain also the continuity with respect to the initial 
data. □ 

Remark B.2. Reversing time direction in the above discussed problem ( |B.1[ ) yields a results of genericity 
for expanding solutions such that the energy e(t) vanishes at some finite time T, 
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